We describe a simple, discrete model of deterministic chiral motion on a square lattice. The model is based on rotating walkers with trailing tails spanning L lattice bonds. These tail segments cannot overlap and their leading A segments cannot be crossed. As prescribed by their chirality, 
INTRODUCTION
Throughout science and mathematics chirality is an important property. It implies that a geometrical object, particle or structure cannot be mapped to its mirror image by rotations and translations alone. Examples include certain knots, enantiomers such as chiral drugs, vortex patterns, elementary particles, and human hands [Saito et al., 2006; Kondepudi et al., 1990] . Symmetry breaking in these diverse systems has attracted considerable scientific interest revealing profound insights into our universe. However, the question as to how chiral building blocks and/or chiral dynamics affect the symmetries of derived phenomena is by comparison understudied. Nonetheless, there are numerous interesting examples of inherited chirality such as the macroscopic shapes of bacterial colonies that reflect the microscopic chiralilty of flagella [Ben-Jacob et al., 1995] . Similarly there are close links between molecular chirality and pattern formation in liquid crystals, Langmuir monolayers, smectic films [Selinger et al., 1993; de Gennes, 1974] and molecular chiral superstructures [Staneic et al., 2006; Pokroy et al., 2009] . In this Article, we describe and investigate a very simple model Frame (f) shows the resulting tip trajectory. See reference [Ginn & Steinbock, 2004] for additional details.
of chiral dynamics. The model is closely related to the rotation of spiral waves in excitable systems such as the Belousov-Zhabotinsky (BZ) reaction. These vortices are known to pin to impenetrable and unexcitable obstacles [Steinbock & Müller, 1992] . In obstacle arrays that confine the excitable medium to a square network, the central spiral tip rotates along intricate trajectories that encompass numerous obstacle units [Ginn & Steinbock, 2004; 2005] .
A typical example is shown in figure 1. Here the excitation spiral (white regions) is strongly fragmented due to the externally imposed geometry and also deformed as the overall wave propagation is unobstructed only along the straight horizontal and vertical channels. More importantly, the spiral tip rotates steadily around a linear chain of three next-neighbor obstacles (marked with 'x' in figure).
In general, these periodic orbits depend critically on the ratio between the obstacle perimeter Λ and the length of the refractory zone λ in the back of the excitation pulse [Tamarit et al., 1996 ]. If λ < Λ then the tip rotates around a single obstacle unit. Otherwise rotation must occur around a minimum of two next-neighbor obstacles because the spiral encounters its own refractory tail. In this process, the tip periodically enters connecting channels but fails to exit, vanishes and the next closest wave segment becomes the primary pacemaker. Notice that many other complex orbits have been observed in chemical experiments and reaction-diffusion models including trajectories generated by repeating sequences such as TTTS (2 × 2 obstacle box) and TSTST (cross of five obstacles), where "T"
and "S" indicate turns and straight moves, respectively. Lastly we emphasize that these "semi-discrete" excitable media have been attracting considerable interest in recent years.
In addition to the elastomer-based microreactor in figure 1 , such experiments involve for instance catalyst patterns printed onto specialized membranes [Steinbock et al., 1996] as well as microfluidic assemblies of immiscible fluids [Toiya et al., 2008] .
THE MODEL
Our model aims to capture the fundamental aspects of pinned spiral tips or similar chiral motion in the form of a deterministic walker on a square lattice. The walker moves forward at a speed of one lattice bond per iteration and turns clockwise whenever possible. In addition, the walker has a continuous tail which represents the refractory zone or a similar object. The tail has a constant length of L lattice bonds (in the following called segments).
An overlapping of tail segments is forbidden, i.e. each lattice bond can be occupied by only one tail segment at a time. In addition, the leading show "absolute refractoriness" and their endpoints cannot be crossed by the walker. The working rules to advance the walker from iteration t to t + 1 are: (1) The trajectory of this state is shown as dashed lines in figure 2. Using two-dimensional point group nomenclature [Mezey, 1991] , it is a chiral pattern with C 4 symmetry and its period is 24. The specific steps in figure 2 are: turn from (a) to (b) and (b) to (c), straight from (c) to (d) because the target node for the turn shows absolute refractoriness, straight from (d) to (e) because the target bond for the turn is occupied, turn from (e) to (f), straight from (f) to (g) because the turn would jam the walker in the next iteration, and turn from (g) to (h). Notice that patterns (a) and (g), which are separated by six steps, can be matched by a 90
• rotation. This feature accounts for the observed period and fourfold symmetry of the orbit.
3. RESULTS AND DISCUSSIONS An important question concerns the dependence of the periodic orbits on the initial condition of the walker. For L < 15, we tested all initial shapes that (i) do not reuse lattice bonds and (ii) do not cause immediate jamming. Notice that the number of paths selected by (i) scales exponentially with L [Guttmann, 1985] . Disregarding differences in absolute position and orientation, we find no dependence on the initial condition. Only the patterns for R ≤ 2 (cf., figure 3) vary between rectangles of different width but equal perimeter and period. We emphasize that we did not find any walkers without periodic (or drifting)
solution. Clearly, we currently cannot rule out more complicated behavior for very long walkers. Hence, notice that all subsequent results are obtained for initially linear walkers. 
where p ∈ N * indexes the parabolas in the direction of increasing L. The first five parabolas In the following, we consider the case of interacting chiral walkers. All rules for single walkers are upheld and generalized in the obvious sense that walkers must neither overlap with any other walkers' tail nor cross nodes that are absolute refractory. In addition, we require one new rule to resolve the behavior in head-on collisions. To avoid such a situation, we change both involved walkers from "T" to "S" or else correct by recursion. Moreover, we allow the walkers to have different chirality X. In contrast to solitary walkers, pair dynamics strongly depend on the specific initial conditions. Overall the dynamics can be grouped into three different categories: (1) The walkers are sufficiently far apart and move along their characteristic, single-walker orbits.
(2) The latter orbits touch or even overlap, but there is no interaction due to temporal separation. This situation is mainly relevant for walkers with equal period. (3) Pair-specific orbits which differ qualitatively from the single-walker orbits form and are either localized or unbound. clockwise in (a-e) while they rotate in opposite directions in (f) and (g). The differences between the trajectories (a-e) and (f,g) result only from small differences in the initial condition (see caption). Many of the trajectories observed for periodic pair motion (e.g., figure   6 (c)) are not found for any solitary walker. They include chiral as well as achiral patterns (e.g., figures 6(b) and (f)). Moreover, we find a range of periods associated with the different pair solutions. For the states in figure 6 , these periods are 24 in (a), (b), and (f), 28 in (c), and 120 in (d).
The dependence of multi-walker systems on their initial conditions greatly increases the complexity of our model, thus, making it highly challenging for computational analyses.
Qualitatively, however, our results suggest that interacting walkers of opposite chirality often form drifting pair states if they do not decouple early on. The simplest example for a translational motion involves two heads that are aligned and, hence, always move straight to avoid a head-on collision. However, we also find highly intricate drift patterns in which the individual walkers perform complex, individual step sequences. Clearly more work is needed to describe multi-walker dynamics including collisions involving drifting walkers, some of which might be reminiscent of the complex behavior in cellular automata such as Conway's "Life".
CONCLUSIONS
In conclusion, we have proposed a set of simple rules governing the deterministic motion of tailed chiral walkers on a square lattice. The leading part of the tail is fully self-avoiding while the trailing part is weakly self-avoiding [Domb, 1983; Kennedy, 1994] . This combination of lattice bond and lattice node rules is important for the model's complexity as only very simple orbits are found for A=0 or R=0. Furthermore, the tail shares similarities with the refractory zone of rotating excitation waves. Accordingly, we find that some chiral walkers describe periodic orbits that are also observed in experiments and simulations with pinned spirals waves in the Belousov-Zhabotinsky reaction.
